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ABSTRACT
Antimalarial drug resistance has become one of the biggest threats to efforts employed in the tackle and control of malaria in endemic
countries. This study presents and analyzes a new deterministic model for the co-infection of drug-resistant malaria and typhoid fever
transmission dynamics. The model includes new compartments for individuals dually infected with drug resistant malaria and typhoid
fever and allows for disease transmission by those individuals. The model is observed to exhibit the phenomenon of backward
bifurcation when the assoctated reproduction number is less than unity, RO < 1.
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1.0 INTRODUCTION

Malaria, one of the leading fatal diseases globally, is caused by varied species of Plasmodium, including P. falciparum, P. vivax, P.
ovale, P. malariae, and P. knowlesi. Nearly half of the global population is at risk for malaria, with the highest incidence and
mortality rates occurring in Sub-Saharan Africa (Birhanle et al. (2014)). This life-threatening disease is transmitted through blood
meals by infected female Anopheles mosquitoes (Ukaegbu et al. (2014); Mbah et al. (2015); Iwuafor et al. (2016); Odikamnoro et
al. (2017)). World Malaria Report of 2019 stated that 228 million cases of malaria and 405,000 malaria-related deaths occurred
worldwide in 2018 (WHO (2019b)). The emergence of drug resistance in malaria treatment has become one of the most significant
obstacles in controlling the disease. It has contributed to malaria spreading to new areas and resurfacing in regions where it was
once eradicated (Bloland (2001)).

Typhoid fever, another major public health concern in many developing nations, is a systemic infection caused by Salmonella typhi
and characterized by high fever, weakness, headaches, abdominal pain, loss of appetite, and sometimes constipation or a rash. In
rare instances, it can result in severe complications such as internal bleeding or even death (Pradhan (2011); Mushanyu et al. (2018)).
The disease is typically contracted through the intake of contaminated food or water and is prevalent in regions with poor sanitation
and inadequate clean water. Recent estimates suggest that between 11 and 21 million cases occur annually, leading to 128,000 to
161,000 deaths globally (WHO (2019a)).

Numerous studies have been conducted on the epidemiology of co-infection models (Mukandavire et al. (2009); Tilahun et al.
(2018); Okongo et al. (2019); Ogunmiloro (2019); Egeonu et al. (2021); Omame et al. (2022); Agwu et al. (2023)). Mathematical
modeling has been extensively used to explore the transmission dynamics of both malaria and typhoid fever. For example, Okosun
(Okosun et al. (2011)) developed a deterministic model for malaria transmission, which exhibited backward bifurcation, meaning
that the traditional threshold for malaria eradication, Ry, < 1, was insufficient on its own. The model also identified conditions under
which eradication could be optimal. Simulations indicated that combining vaccination with effective treatment would substantially
reduce malaria transmission.

Esteva (Esteva et al. (2009)) presented a model to study the impact of drug resistance on malaria transmission. The model considered
both wild and resistant strains of the malaria parasite and the effect of high treatment rates on the dominance of resistant strains.
Numerical results showed that when the two strains coexisted, the proportion of individuals with the resistant strain decreased as
the resistance development rate increased. Okosun (Okosun and Makinde (2011)) further extended his work by considering drug
resistance in the infective population, showing that optimal control of drug resistance could reduce disease spread.
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Fatmawati (Fatmawati and Tasman (2010)) examined malaria transmission, considering both sensitive and resistant strains of the
parasite, and demonstrated the effectiveness of optimal control strategies in reducing infections. Mutua (Mutua et al. (2015))
developed models for the co-infection dynamics of malaria and typhoid, highlighting the need for simultaneous management of
both diseases. The study showed that reducing the basic reproduction number, R, below one for both diseases would result in their
eradication.

This research proposes a deterministic model to study the co-infection dynamics of drug-resistant malaria and typhoid fever. The
model builds upon the work of Mutua (Mutua et al. (2015)) by:

i. Incorporating drug-resistant malaria dynamics into the co-infection model, where individuals who receive incomplete treatment
may develop resistance.

ii. Including human-to-human transmission dynamics of typhoid, considering both direct and indirect transmission.

iii. Accounting for the transmission of both diseases in individuals co-infected with drug-resistant malaria and typhoid fever.

2.0 MODEL FORMULATION

The total human population at time t, denoted by N(t), is divided into eleven mutually exclusive compartments as follows:
Susceptible humans(Sy(t)), individuals with untreated sensitive malaria strain (Ixs(t)), individuals with treated sensitive malaria strain
(ie individuals whose treatment fail to completely clear the parasites in their system and so are still infectious) (I (t)), individuals
with resistant malaria strain (I«(t)), individuals recovered from malaria (Rn(t)), individuals with typhoid Fever strain (I(t)),
individuals recovered from typhoid fever (Ry(t)), individuals with untreated malaria strain and typhoid fever (Ixsp (t)), individuals
with treated malaria strain and typhoid fever (Iisp(t)), individuals with resistant malaria strain and typhoid fever (Iip(t)), individuals
recovered from malaria and typhoid fever (Rmp(t)). Similarly, the total vector population at time t, is divided into three compartments
as follows: susceptible vectors (Sy(t)), vectors with infected strain (Iys(t)) and vectors with resistant strain (I.«(t)) while the
compartment (By(t)) stands for the bacteria concentration in the environment. Thus

N = Sp(t) + Ls(6) + Ies(®) + L (8) + R () + L () + Rep (8) + Lstp (€) + Lesep () + Lrep () + Ry ()
V= Sv(t) + Ivs(t) + Ivr(t)
B = By, (t) ey

The population of susceptible humans (Sy) is increased by the recruitment of humans who are free from both malaria and typhoid
fever at the rate IT;. Susceptible humans acquire sensitive malaria infection following effective contacts with infected vectors (Iys)
with a force of infection Ams given by:
ﬁ m ZI vs
Ams () = N, (2)
In (2), P is the transmission rate for the infected vectors that account for transmission of malaria infection, where B is the
transmission probability for malaria (from vector to human) while { is the average biting rate of vectors. Susceptible humans develop

resistance to malaria treatment following effective contacts with vectors with resistant strain (I.r) with a force of infection Amr given
by:

m TIUT'
o (0) = P2 ©

In (3), BmC is the transmission rate for vectors with resistant strain that accounts for transmission of malaria infection with resistance
to treatment while €, is the modification parameter for infectiousness of the resistant strain. Susceptible humans acquire typhoid
fever infection following effective contacts with the bacteria (By,) with a force of infection A, given by:

Ay = Buwy 4)
P K+ By
In (4), ¢ stands for the rate of ingestion of the typhoid-causing bacteria while k stands for the concentration of bacteria in foods and

water. Susceptible humans can also acquire typhoid fever infection following effective contacts with already infected humans (i.e,
those in Iy, Lystp, Iesep and Ly, classes) with a force of infection Ayh given by:

_ .Btph(ltp + hm(lxstp + etltstp + Irtp))
Aepn = m (5)
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In (5), Bepp is the infectious rate for humans already infected with typhoid fever which accounts for the transmission of typhoid
fever infection, h,, is the additional modification parameter responsible for the increased infectiousness of dually infected
individuals while the parameter €, with 0 < €; < 0, accounts for the reduction in infectiousness of treated humans when compared
with untreated humans infected with malaria. Natural death rate for humans is represented by p;,. € stands for the modification
parameter for reduced susceptibility to malaria by individuals who have recovered prior malaria infection. In our framework,
individuals in the dually infected compartments (Iys¢p, Itsep, Irep) are allowed a natural progression (recovery) from either or both
diseases. A fraction of the populations (Lysp, Iesep, Irep) progress to (I, Is, L) at the rates Xepo1 (1 — Xm), Xepoz (1 — Xm) and
Xepe3 (1 — Xon) Tespectively where o, o2 and o3 account for rate of natural progression for dually infected, while X¢p(1 — Xom)
accounts for fraction of the population progressing from (Lcsep, Ieseps Irtp) 10 (s, Ies, Ir), (0 < Xomo Xep < 1). The rates T,y and 7y,
account for administration of anti-malaria drugs for singly and dually infected (Iys, Lystp) respectively. @, @y and dpm, stand for
malaria natural recovery rates for singly infected (I, I;s, I) respectively. g,,; and o,,, represent the rates of development of
resistance to malaria treatment for individuals in (s, I, ) respectively, who receive incomplete treatment. &,,5 and 8, stand for
malaria induced death rates for the sensitive and resistant malaria strains respectively, ¢, @, account for the modification
parameters for 8., from (I, I¢sep), while 8, represent typhoid fever induced death rate. vy, is the typhoid fever recovery rate due
to treatment for infected. p, stands for bacteria death rate, p.,, accounts for rate of excretion of bacteria into the environment by the
already infected humans while g, g, are the modification parameters for bacteria recruitment for Is, and I, respectively

The population of susceptible vectors (S,) is increased by the recruitment (birth) of vectors free from infection at the rate I1,,, (All
vectors are assumed to be born susceptible, hence no vertical transmission is allowed). Susceptible vectors acquire infection
following effective contacts with the infected humans (Iys, Its, Lsep and Iog,) with the force of infection 4,5, given by

Ays () = BuC(lxs + Ixstpl\'l: €¢(Ies + Itstp)) )

In (6), B, C is the effective contact rate of the infected humans with untreated sensitive malaria strain and treated sensitive malaria
strain that accounts for the transmission of infection for vectors. Susceptible vectors also acquire infection following effective
contacts with the infected humans (I, and I,.,,) with the force of infection 4,,., given by

Aoy (£) = ﬁ”zer(f\;: frep) (7)

In (7), B, ¢ is the effective contact rate with the infected humans with resistant strain that accounts for the transmission of infection
for vectors while €, is the modification parameter for infectiousness of the resistant strain. p, is the natural death of vectors.

Merging all the concepts and assumptions above, the model for the co-dynamics of drug-resistant malaria and typhoid fever is given
by the following differential equations:

ds,,
dr =Ty — ()\ms + Mnr + Ay + Apn + :uh)sh
dl,
dt = }\ms('sh + Ry + ERpyp + Rtp) + tig1(1 - Xm)lxstp — (Tm1 + Hp + Qs + Orms1) s
- (}\tp + }\tph)lxs
dl

E = Tmllxs + tigz(l - Xm)Itstp - (Gml + Up + Ay + (P16msl)1ts - (}\tp + }\tph)lts

dl
— = Umllts + }\mr(sh + ng + ngtp + Rtp) + tip3(1 - Xm)lrtp - (.uh + Ay + 6mr1)1r

dt
- (Atp + }\tph)lr
dR,,
7 = amslxs + amtlts + amrlr - .uhRm - ()\tp + 7\tph)Rm - g()\ms + 7\mr)Rm
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dl;
d_tp = ()\tp + Atph)(Sh + Ry, + Rtp + Rmtp) - (6tp1 + up + Ytp)ltp - O\ms + )\mr)ltp + Xmo1 Ixstp
+ Xmezltstp t Xme3 Irtp
dR
d—ttp = Yepltp — UnRep — (Atp + 7\tzah)Rtp = (Ams + Amr)Rep
dB;
d—tp = ptpltp + ptp(lxstp + GtItstp + Grlrtp) - .ubBtp (8)
dlg
ZIC; "= (}\tp + 7\tph)lxs + 7\msltzo — (Up + Omsz + 6fp2 t Tmz + 91)1"“17
dligt
d; P = (Atp + Atph)lts + Tmzlxstp - (,Llh + (P26m52 + 6tp2 + Om2 + QZ)ItStp
dl,;
# = Omalestp + (Atp + )‘tph)lr t Anrlep = (Un + Smrz + Oepz + 03) ey
dRpy,
dttp =a(l- Xm)(1 - ti)lxstp +o2(1 - Xm)(l - ti)ltstp +o3(1 = Xm)(l B XfP)ITfP ~ HnRmep —
(Atp + Atph)Rmtp - SO\ms + Amr)Rmtp
as
d_tv =1, — Ays + ) Sy — 1Sy
dl
ddzs AosSy — tylys
I
d_zr = Ay Sy — Holyr

with the corresponding initial conditions,
Sp(0) = 0,1,5(0) = 0,1:5(0) = 0,1.(0) = 0,R,(0) = 0,1,(0) = 0,R,(0) = 0, B, (0) = 0, Iy, (0) =

0, Its¢p(0) = 0, L4, (0) = 0, Ry, (0) = 0,5,(0) = 0,1,,(0) = 0,1,,,(0) = 0. 9
Table 1: Table of parameters in the model (8).
Parameters Interpretation
I, Human Recruitment rate
Bm Transmission Probability for malaria from vector to human
{ Average biting rate of vectors
€ Modification parameter for infectiousness of the resistant strain
Beon Human-to-Human Typhoid Transmission Probability
€ Modification parameter for malaria infectiousness of individual treating malaria
Un Natural death rate
£ Modification parameter for susceptibility to malaria by individuals who have recovered prior
malaria infection
Xep Fraction progressing from dually infected classes to singly infected or recovered class for
typhoid
Xm Fraction progressing from dually infected classes to singly infected or recovered class for
malaria
o1 Rate of progression out of I,
02 Rate of progression out of /g,
03 Rate of progression out of /.,
Tm1 Administration of Anti-Malaria Drugs for singly infected
Om Malaria induced mortality rate
®1,Q, Modification parameter for §,,; from treatment class
Om Rate of development of resistance to malaria treatment
U Malaria natural recovery rate for singly infected
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Otp Typhoid induced mortality rate
Yep Typhoid recovery rate due to treatment for infected
Tm2 Administration of anti-malaria drugs for dually infected
Up Mortality rate for bacteria
I1, Recruitment rate for vectors
By Transmission Probability for malaria from human to vectors
Uy Natural death rate for vectors
hpn Modification parameter for dually infected due to increased chance to infect
Ptp Rate of excretion of bacteria into the environment
o¢, Oy Modification parameter for bacteria recruitment
1) Rate of ingestion of typhoid-causing bacteria

3.0 BASIC PROPERTIES OF THE MODEL

3.1 Positivity

For the model (8) to be epidemiologically meaningful, it is appropriate to show that all its state variables are non- negative over
time.

Theorem 3.1: Assume the initial data S, > 0,13 > 0,15 > 0,1, > 0,R,, > 0,1, > 0,R, > 0, By, >

0, Iystp > 0,1t5ep > 0,1rep > 0, Rppep > 0,5, > 0,15 > 0,1, > 0; Then the solutions (Sy, Iys, Its, I, R,
ltp, Rips Bips Ixstps ltstps Irtpy Rmeps Svs Ivs L) of the basic model (8) are positive for all ¢ > 0.

Proof: Let
ty =sup{t >0: S, >0,I;s>0,15>0,1.>0,Ry >0,I;p >0,Ry, > 0,Bp >0, Lge, > 0, Ise
> 0,105 > 0,Rppep > 0,5, > 0,1, > 0,1, > 0}.
Following from the first equation of the model (8), we have that

ds,
dt =11, - ()‘ms + A + )‘tp + }\tph + Auh)Sh
= Hh - O\ms + }\mr + }\tp + .uh)Sh
=y = Am + Ay + 1p) Sk
Bml(lps + €rlyy) B
where Ay = Aps + Ay = — ”jvh —= and A = rthp

which we can re-write as:

d t t
= [sh(oexp [ jo (A ) + A (@) ) s + uh(t)] = Myexp [ jo (A ) + A () ) s + uh(t)l

Hence,

d o
7 [Sn(exp [ fo (A @) + 2y (W) i + uh(t)ll ~5,(0)

=11, j:l exp on (Am(u) + Atp(u)) du + uh(x)l dx
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So that

Sn(t1) = Sp(0)exp

_ fo . (A () + A () s - uhtll
+ exp [— fotl (}\m(u) + Ay (u)) du — .Uht1]

dx >0

x I, fotl exp U: (Am(u) + )Ltp(u)) du + pp(x)

In the same manner. It can be shown that:
Iys > 0,1 > 0,1, > 0,Rp, > 0,1 > 0,Re, > 0,Bpp > 0, Ly > 0, Iy, > 0, > 0, R > 0,5,

> 0,1, > 0,1, > 0.
3.2 Invariant Domain
To obtain the invariant region, in which the solution of the model is bounded, first examine the total human population (Ny),
where

Nh - Sh + IXS + ItS + Ir + Rm + Itp + Rtp + Ixstp + Itstp + Irtp + Rmtp
Differentiating both sides of N; with respect to’t’ leads to

dN, dS, dls dls dl, dR, dl, dRy dlyy dly dlegy AR
ar ar T ar Tac tae T ae tar Tar TTar Tar TTar T ae
(10)

This gives
dNp,

r Iy, — ppNp — (6, + 63) (11)

Where: §;= All deaths due to Malaria and &, = All deaths due to Typhoid Fever.

In the absence of deaths resulting from malaria and typhoid fever diseases (6; = §, = 0), hence:

th<l'I N
dt = h UnINp

Integrating both sides, we have

dN jeld
jl’[—h < |dt == I, — u,Ny, = Ae ¥t ; A = Constant
h

— uUnNp
Applying the initial condition N(0) = N, we have:
jeld ield Il I, — upN
A =1 — upNpo == My — upNp = (I, — pNpg)e™Hnt — Ny < ,u_h B [%] e
h h

L n C n
Ast — oo, the population size N, — ”—hWhICh implies 0 < N, < #—h
h h

Therefore, the set of feasible solutions of the model equation is in the region

11 Iy
0= (Shflxs: Its'lr:Rm: Itp'Rtp'IxstpfItstpilrtp'Rmtp) € ER+ :Nh < M_h

4.0 MODEL ANALYSIS
4.1 Disease-Free Equilibrium (DFE)

To find the DFE, we equate the right hand side of the basic model (8) to zero, evaluating it at I, = [;; =
I = Iy = Lystp = listp = Irtp = Bep = Ls = I, = 0 and solving the non-infected state variables. This
gives the disease-free equilibrium (DFE) &, as:
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_ * * * * * * * * * * * * * * *
60 - (Sh) IxSJ Its» Ir» Rm) Itp) Rtp' Btp' Ixstp' Itstp' Irtp' Rmtpr Svr Ivs' Ivr)

4.2 The Basic Reproduction Number (R,)
To determine the R, the next-generation matrix method is used.The next generation matrices are given by:

0 0 0 0 0 0 0 0 BmC O
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 BmCer
0 0 0 Btph (p_Sh ﬁtphhm IBtphhmEt ﬁtphhm 0 0
K
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
Bv$Sy  BueErSy, 0 0 0 BvSSy  BuleeSy 0 0 0
Ny, Ny, Ny, Ny,
0 0 BvlerSy, 0 0 0 0 BvlerSy 0 0
) Ny Ny —
K; 0 0 0 0 -D; O 0 0 0
—Tm1 K, 0 0 0 0 -D, O 0 0
0 —0m1 Kz O 0 0 0 -D; O 0
v | 0 0 0 K, O ~Xmei ~Xmez ~Xmes 0 0
0 0 0 —Pt Hp —Pt —peor  —peor 0 0
0 0 0 0 0 Ks 0 0 0 0
0 0 0 0 0 —Tim2 K¢ 0 0 0
0 0 0 0 0 0 —Om2 K, 0 0
0 0 0 0 0 0 0 0 U, O
0 0 0 0 0 0 0 0 0 Uy -
Where

Ky =Ty + Up + Qs + Oms1, Ko = 0q + i + e + ©10ms1, K3 = iy + Qi + 81, Ka

= 5tp1 + Up + Ytp»KS = pp + Omsz + 5tp2 + Tz + 01, Ko
Unt+ ©20ms2 + 6tp2 + 02 + 02, K7 = i + Omrz + 6tp2 + 03,01 = tigl(l = Xm), D
= tiez(l — Xm), D3 = tig3(1 - Xm)

The basic reproduction number of the Malaria-Typhoid co-infection model (8), applying the perspective illustrated in (van den
Driessche et al. (2002)), is given by Ry = p(FV™1) = max{ROmp, ROtp} where Ry (ie Roms and Rom,) and Ry, are,
respectively, the Malaria and Typhoid associated reproduction numbers, given by

R _ PPy (Ky + €:Tn1)Sy
oms Ky Ky, N,
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r_ [EFBnBoS:
o KNy

and
.Btph + ptp QDS;
Ky UpKKy

ROtp =

4.3 Local Asymptotic Stability Of The DFE (LAS)

Theorem 4.1: The DFE ¢, of the Malaria-Typhoid co-infection model (8) is locally asymptotically stable if Ry < 1, and unstable
if Ry > 1.

Proof: The local stability of the co-infection model is studied using the Jacobian matrix of the system (8) at &,. The eigenvalues of
J(&o) are Ay = —Kg, Ay = —Kg, A3 = —K;, A, = A5 = A = A; = —Uyp, Ag = —U,, and the solutions to the characteristic
polynomials are as follows:

RZ
A2 + (K3 + pp)A + Kap, <1 - °g’”) =0 (12)
% BmPBuSy
N+ (K Ky + i)V o+ (Kupty + Koty + KK = SE28550) 3 b K Koty (1= Rine) (13)
A%+ (.Ub + K, — ,Btph)l + K4.Ub(1 - ROtp) (14)

Implementing the Routh-Hurwitz criterion, the quadratic equations (12), (13) and (14) will give roots with negative
real parts if and only if Ry < 1. Hence, the disease-free equilibrium, &, is locally asymptotically stable if Ry < 1

4.4 Global Asymptotic Stability (GAS) of the DFE

The pattern developed in (Castillo-Chavez et al. (2002)) is applied to examine the global asymptotic stability of the DFE of the
system (8). Two conditions that will guarantee the GAS of the DFE, if satisfied are pointed out.

First, the system (8) is to be written in the form:

dX—PXZ
dt X.2)

dZ— X,Z X,0)=0
E_Q( , );Q( ’ )_

Where X € R™ signifies (its components) the number of uninfected individuals and Z € R™ signifies (its components) the
number of infected individuals. U, = (X™, 0) signifies the disease-free equilibrium (DFE) of this system (8).The conditions
(W 1) and (W 2) below must be satisfied in order to guarantee local asymptotic stability:

(W1): For Z—}t{ = P(X,0), X" is globally asymptotically stable (GAS),

(W2): Q(X,Z) =BZ — Q(X,2)X,Q(X,Z) = 0 for (X,Z) € 0,
where B = D,Q(X*,0) is an M-matrix (the off-diagonal elements of B are non-negative and 2 is the region where the model
makes biological sense. If system (8) satisfies the above two conditions, then the following theorem holds:

Theorem 4.1: The fixed point U, = (X*,0) is said to be a globally asymptotic stable (GAS) equilibrium point of the
system (8) provided that Ry <1 (LAS) and the assumptions (W 1) and (W 2) are satisfied.

Proof: Having obtained that R, < 1, we go ahead to establish the conditions (W1) and (W2). For the system (8), we have the
following:
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[y — upSp
0
P(X,0) = 0 (16)
0
L Hv - .quv |
Equation (16) implies that the first condition (W1) is satisfied. Next,
Q(X,Z) = BZ - Q(X,2)X
Then B = .
—-K; 0 0 0 0 D; 0 0 BmC 0
Tm1 -K, 0 0 0 0 D, 0 0 0
0 Om1 —K; 0 0 0 0 D4 0 BmCer
0 0 0 _K4 QD_S;: Ame1 Ame2 Xme3 0 0
K
0 0 0 Ptp —Hp Ptp PtpOt PtpOr 0 0
0 0 0 0 0 —K5 0 0 0 0
0 0 0 0 0 Tm2 —Kq 0 0 0
0 0 0 0 0 0 —-K; 0 0
BvGSy  BulerSy 0 0 0 B,LSs  B,leS: 0 —u, 0
Ny, Ny N, Ny
0 0 ,BUZErS; 0 0 0 0 ﬁvZETS; 0 —Uy
N; Ny
(17)
and Q =
Bml By Bepn(Dg) .
,,;ths [1— (Sp+ &R + €Rmep + Rep)| + ﬁlxs + ”N—hlxs
B D
tpP I, +.Btph( 8) Iz,
K+ By Ny
ﬁm(erlvr Btp(p ﬁtph(DS) %
T [1—(Sh+ €Rp + €Rmep + Rep) | + <+ B, b+ =k
Si (Sn+Rm +Rep + Rmip)|  Bipn(Ds) Bl (lvs + €rly)
Bipg [~ = <+ By, s (Sn+ Ry + Rep + Rypep) + N, Itp
0
_ Btpq) N .Btph(DS) I — ﬁmzlvsl
K+ By ©° N, * N,
By Bepn(Dg)
5 s ———Iis
K+ Btp Nh
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_ Btp(p I — Btph(DS) Ir — ﬁmzerlvr I
K+ By | N, T N,

Sy
ﬁv((lxs + Etlts) IN - _l + ﬁvc(lxstp + Etltstp) I

h

.szer(lr + Irtp) IN_Z - N_I;l

(18)
Where D8 = Itp + hm(lxstp + Etltstp + ITCP)'
It is observed from equation (18) that Q (X, Z) is not positive semi-definite since entries 6, 7, 8 are negative, which implies that
the second condition (W2) is not satisfied. Therefore the disease free equilibrium (DFE) U,, may not be globally asymptotically
stable (GAS) when Ry < 1, implying that the condition Ry < 1 is not sufficient in driving out the disease over time. This
introduces the possible occurrence of a backward bifurcation.
However we see that by setting

ﬁm( = Btp(p = ﬁtph =0 (19)

we have that Q (X, Z) = 0, implying that the disease free equilibrium (DFE) Uy, may be globally asymptotically stable (GAS)
when R < 1.

4.5 Backward Bifurcation Analysis of The Model

This section discusses the occurrence of backward bifurcation in the model (8). A situation where a stable disease free
equilibrium co-exists with a stable endemic equilibrium when the reproduction number associated with the model is less
than unity, is known as backward bifurcation and has been observed in several disease models. The public health implication
of the occurrence of backward bifurcation of model (8) is that, the standard epidemiological prerequisite of having Ry < 1,
although necessary, is no longer sufficient for the effective control of the diseases. Using the Centre Manifold Theory
(Castillo-Chavez and Song (2004)), we establish the following result.

Theorem 4.2: Assume a backward bifurcation coefficient a > 0, when Ry < 1, then model (8) will display the attribute
of a backward bifurcation at R, = 1. Also, when a < 0, then the system (8) will display a forward bifurcation at R, = 1.

Proof: Suppose &, = (S5, Iys, Iia, I, Rim, Iy, Ry Biy, Liseps Liatps Litps Romeps S50 Is, Iy ) is an arbitrary
endemic equilibrium. In order to analyse the bifurcation of system (8), let,
Sh= X1, s = X2, lts = X3, [, = X4, Ry = xSrItp = Xe» Rtp = x7tBtp = x8'1xstp = xQ'Itstp = Xq10, Iy

= X11, Rintp = X12, Sy = X13, lys = X194, Ly = X145 (20)
with,
dx,
dt =TIl — (Ams + A + 7\tp + )\tph + .uh)xl
dx,
E = }\ms(xl + EXs + €Xqp + x7) + tigl(l - Xm)x9 - (Tml + Up + Ay + 5m51)x2 - (}\tp + }\tph)xz
dxs
E = T X2 + tigz(l - Xm)xlo - (Gml + Up + Ay + (P16m51)x3 - (}\tp + }\tph)x3
dx

4
E = Om1X3 t 7\mr(xl + &X5 + EXqp + x7) + tip3(1 - Xm)xll - (.uh + A + 5mr1)x4
- (Atp + tih)x4

de
= ApsXy + A X3 + A Xy — UpXs — (}\tp + }\tph)xs SO\ms + )\mr)xs

dt
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% - (Atp + Atph)(xl + X5+ X7 + X12) = (6tp1 + up + Ytp)x6 — (Ams + Amr)X6 + Xmo1 Xo + Xmo2¥10
+ Xmo3 X11

% = YepXe — Unx7 — (Aep + Aepn)%7 — s + Ay )X

% = PpXe + ptp(x9 + 01 %19 + 07X11) — UpXg 21)

% = (Aep + Aepn )Xz + AsXs — (Un + Omsz + Oepz + Tz + 01)Xo

d;cio = (Aep + Aepn )3 + TmaXe — (Hp + ©26ms2 + Sipz + Tmz + 02)X10

d;Cil = 0maX10 + (Aep + Aepn) X6 + Amrlep — (U + Smrz + Oepz + 03) %11

dx1s

& a(1— Xm)(1 - ti)xg + 02(1— Xm)(]- - ti)xm + 03(1 — Xm)(]- - ti)xn — UpX12 —
(Atp + Atph)xlz — &(Ams + App) X1

d;‘;3 = Hv - O\vs + Avr)x13 — HyX13
dxqs

dt = ApsX13 — UpX14
dx15

dt = AprX13 — UpX1s

The Jacobian matrix of system (21) is as follows: J(&,) =

—HUn 0 0 0 0 _,Btphh 0 _(Pxik; _.Btphhm _.Btphhmet _,Btphhm 0 0 _ﬁmc _ﬁmcer
K
~K, 0 0 0 0 0 0 D, 0 0 0 0 Bml O
T —K, 0 0 0 0 0 0 D, 0 0 0 0 0
0 omi —-Ki O 0 0 0 0 0 D, 0 0 0 Bomler
Ums  Ame Ay —HUp O 0 0 0 0 0 0 0 0 0
0 0 0 0 -N, 0 ox; N, N5 N, 0 0 0 0
K
0 0 0 0 Osp —up 0 0 0 0 0 0 0 0
0 0 0 0 Ptp 0 —Hp Ptp PtpOt PtpOr 0 0 0 0
0 0 0 0 0 0 0 —K; 0 0 0 0 0 0
0 0 0 0 0 0 0 Toma —K, 0 0 0 0 0
0 0 0 0 0 0 0 0 — Oy -K, 0 0 0 0
0 0 0 0 0 0 0 -D, Ds D, —un 00 0
—0 —0¢ —0e, 0O O 0 0 -0 —0¢, —0e, 0  —u, O 0
6 B¢ O 0 0 0 0 0 O, 0 0 0 —u, 0
0 0 Be, 0 0 0 0 0 0 e, O 0 0 -, -
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Where
Ky =Ty + tp + aps + s, K2 = Oy + Up + A + ©10m51, K3 = iy + Gy + Snr1, Ky
= 6tp1 +Up t+ Ytp»KS = pp + Oms2 + 6tp2 + Tmz + o1 Ke
= Up + @205, + 6tp2 + Omz + 02, K7 = pp + Gz + 6tp2 + 03,01 = tigl(l = Xm), D
= Xepoz(1 = Xm), D3 = Xepos(1 = Xm), Da = 01(1 = Xim) (1 = X¢p), Ds
= 92(1 - Xm)(l - ti)'Ds = 93(1 - Xm)(l - ti)’N1 = (K4 - ﬁtph)er

BuGxis
= ﬁtphhm + Xmo1, N3 = ﬁtphhmet + Xmoz Na = ﬁtphhm + Xme3z 0 = UN*
h

Consider the situation when Ry,,,- = 1. Furthermore, suppose that the product f,,€, is selected as a
bifurcation parameter. Solving for ,,€, = B* from Ry, = 1 gives

_ .uvK3N;£

bns =B = Geps;
Analysing the Jacobian of the system (20) at the DFE, J(&,) and applying the approach in (Castillo-Chavez
and Song (2004)), we obtain that J(&,) has a right eigenvector as follows:

w = [wy, Wy, W3, Wy, Ws, We, W7, Wg, We, W10, W11, W12, W13, W14, W1s]”
where,

) o s

1
w1 = _E [(.Btph +

T 1 At T
Wy, = wy > 0,wz = Kllwz,a)4 =wy > 0,ws = —[(ams + mlt( ml) w, + amrw4]
2 Hn 2

ytp ptp
(1)6:(1)6>0,(1)7:_‘u (1)6,(1)8:_H (1)6,(1)9:(1)10:(1)11:0)12:0
h b

0rg = — Bvixis [(1 _ EtTm1> o, + 6rw4] g = Pvlxis (1 N etrml) 0,
.qu;; KZ .qu};,|F KZ
Wy = .szerxw .
ty Ny,

In like manner, the elements of the left eigenvector of J(§o)|g=pz ez, V = (V1, V3, ..., Vy5), satistying v.w =
1, are as follows:
Vi =Vsg =V; =V =V13=0,v, =0, =0
1 [Umleer + Hetﬁmzvz] 961‘ Ptp _ KNl
» V4

V= K L uyKs Hy UuK3 Ve = Up Ny Ve = Pep®X1
Vo = i [(.ule + 9.8m<> v, + sztp + N;}j + Tmsz]
Ks Ky upN1 — @xq
- Uy Dov3 + 1y N3Vg + Uy Py 0: Vg + yOma V11 + €L TV,
10 MUK6
b = D3vy + Nyvg + pip0,Vg + 06,015 I Bm v I K;
t K7 S Uy P QﬁmZEE
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The bifurcation coefficients given by:
d%f
a =Yg =1 VkWiW; —6xi6;j (0,0) and b = ¥} ;-1 Vew; 7 9x05 Tk (0 0)

are computed to be:
wgP 2x,
a= _T[(Uz(vz —Vg) + w3 (V3 — v1g) + Wa (V4 — V11) — Vg (a)1 + ws + Wy + wg »” )]
w6.8tph
Ny,

w2 (V2 — Vg) + w3 (V3 — v1g) + Wa (Vs — v14)

(w1 + w, + w3w, + ws + a)7)>]
Ny

—v6<w1+a)5+w7

BmT
+— N

*

v4_(l)156r lw1+w7 - ((1)1 +(l)2 +(1)3 +0J4 +(1)5 +0‘)6 +(1)7)N
h

— welVe(wi4 + Wi5€) — Vow14 — V11 W156,]

_ 2[,0v14(w; + w3€;)

Ny

v15w4ﬁvzer
Nﬁ

and b = (Vw4 + v4w15er) 1>0

X13
I(a)1+a)2+w3+w4+w5+w6+w7)N —w13l
h

*

[a)13 (w1 + Wy + w3 + ws + wg N
h

Hence, according to (Castlllo-Chavez and Song (2004)) we deduce that the model (8) will display a backward bifurcation if the
coefficient, a, above is positive.

5.0 CONCLUSION

We developed and analyzed a 15-compartmentalized mathematical model for the dynamics of the co-infection of
drug-resistant malaria and typhoid fever transmission. Our results show that model (8) possesses a disease
free equilibrium point that is locally asymptotically stable when R, < 1 and globally asymptotically stable when
there is no external reinfection. By applying theorem (4.2), we investigated and explored the possibility of backward
bifurcation of the model. The model was shown to exhibit the phenomenon of backward bifurcation when the
bifurcation coefficient a is less than unity, so the basic threshold Ry < 1 is no longer sufficient for controlling the spread of
the diseases in the population.
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