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ABSTRACT
By evaluating the dynamics of the CCDN when edges are removed from a graph, this paper focuses on the relatively new idea of
certified domination in domination theory, which was first introduced in 2020. The paper provides characterizations, propositions,
and structural properties for both classes of graphs. To be specific, we focus on derivation of the CCDN edge critical graphs for

categorizing generalized orientation.
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A Connected Isolate-Free Graph
A connected isolate-free graph is a concept from Graph Theory
that combines two properties of a graph.

Connected Graph

A graph is connected if there is a path between every pair of
vertices.

This means you can start at any vertex and reach any other
vertex by following edges.

Isolate-Free Graph
An isolated vertex is a vertex with degree 0. A graph is isolate-
free if every vertex has at least one edge.deg(v) =
1 for every vertex v

Certified Dominating Set (CDS)
A set C € VZ is called a certified dominating set if for every
vertex u € C:

INZw) N (VZ\C) |=00r INZ(u)n(VZ\C) =2

This means each vertex in CCC:

o  Either has no neighbour outside C, or

e Has at least two neighbours outside C.
The minimum size of such a set is the certified domination
number: ycer(Z)

Connected Certified Dominating Set (CCDS):

A set CCC is a connected certified dominating set if:
1. CCCiis a certified dominating set
2. the induced subgraph Z[C] is connected

The minimum size of such a set is called the yccer(Z)

Edge-Critical Graphs:

A graph Z is connected certified domination edge-critical if:
yccer(Z —e) > yccer(Z)Ve € EZ

Deleting any edge increases the connected certified

domination number.

Crucial Observation
Let C be a minimum CCDS.

Foreach u € Cu\inCu € C:
lepn(u,C) 1= 1 Where
epn(u,C) =pn(u,C)n (V —-20)

This means every vertex in the CCDS must have at least one
external private neighbour.
This condition ensures liminality of the CCDS.

Derivation Using Structural Properties:
Graphs with Diameter < 2 and Minimum Degree 1:
diam(Z) < 2

§(Z)=1
Then there exists at least one leaf vertex.
For diameter 2:
yccer(Z) =1
Because a central vertex dominates the graph.
Letedge e = uv
After removing e:
o the leaf becomes isolated or poorly dominated
e Domination conditions fail
yccer(Z — e) > yccer(Z)

Effect of Strong Support Vertices:
A strong support vertex is a vertex adjacent to two or more
leaves.
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Let
u € S2(2)

And v be a leaf.
Since: N(v) = {u}

Vertex u must belong to every CCDS.
If edge uv is deleted:

e  vertex v becomes isolated

e domination condition fails
Thus yccer(Z —e) = o

Therefore Z is edge-critical.

Edge-Critical Condition Using Neighbourhoods:

Let
C = yccer(Z) — set
And edge e=uv
Such that;
uec,ve/C and INw)NCIl=1

Then vertex v is dominated by only one vertex of C.

Deleting uv:
e removes the only domination of v
e forces inclusion of additional vertices in CCDS

Hence yccer(Z — e) > yccer(Z)

Thus the graph becomes edge-critical.
Characterization Theorem:
The main result states:

Z is [yccer]e — critical if and only if ZeT

Where T is the family of trees satisfying:

e cvery vertex is either
o aleaf, or
o has degree >3

Final Result

A graph is Connected Certified Domination Edge-Critical if:
yccer(Z — e) > yccer(Z)

And structurally this occurs exactly for graphs in family T
consisting of star-like trees with strong support vertices and
leaves.

Significance and Contribution

The study extends the theory of certified domination, a recently
introduced concept in graph domination theory. Investigating
how graph parameters change under edge deletion is an
important direction in domination theory and network
reliability analysis.

The main contribution of the paper is the characterization of
connected certified domination edge-critical graphs and the
identification of conditions that guarantee edge stability.

Conclusion

Overall, the paper provides a valuable contribution to
domination theory, particularly in the study of the connected
certified domination number under edge deletion. The
characterization of edge-critical graphs and identification of
stable graph classes enrich the theoretical understanding of
domination parameters in graphs.

Despite minor presentation issues, the results are
mathematically sound and open promising avenues for further
research.
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